We study the freezing properties of systems with inverse-power and Yukawa interactions (soft spheres), using recently developed weighted-density-functional theories. We find that the modified weighted-density-functional approximation (MWDA) of Deuton and Ashcroft yields results for the liquid to face-centered-cubic (fcc) structure transition that represent a significant improvement over those of earlier "second-order" density-functional freezing theories; however, this theory, like the earlier ones, fails to predict any liquid to body-centered-cubic (bcc) transition, even under conditions where the computer simulations indicate that this should be the equilibrium solid structure. In addition, we show that both the modified effective-liquid approximation (MELA) of Baus [J. Phys. Condens. Matter 1, 3131 (1989)] aud the generalized effective-liquid approximation of Lutsko aud Baus [Phys. Rev. Lett. 64, 761 (1990)], while giving excellent results for the freezing of hard spheres, fail completely to predict freezing into either fcc or bcc solid phases for soft inverse-power potentials. We also give an alternate derivation of the MWDA that makes clearer its connection to earlier theories.
I. INTRODUCTION
Over the past decade, the use of classical densityfunctional theory (DFT) has become increasingly popular in the study of solid-liquid phase transitions.~z The popularity of these methods is, at least in part, due to their success at providing Barrat et o,l. showed that the densities at which the liquid and fcc solid co-exist are consistently overestimated;
the disagreement with the computersimulation data 8 increases dramatically as softer (smaller n) potentials are considered (from about 10% in the n = 12 case to over 100% for n = 4). More damaging is the failure of these "second-order" theories to predict, for any value of n, a stable body-centered-cubic (bcc) solid phase (or even a metastable one, for that matter). This result is in direct contradiction to the computersimulation findings that the equilibrium crystal phase at freezing should have a (non-close-packed) bcc structure for n ( 6. Therefore, the truncation of the functional expansion at second order does not result in a suitable description of the solid phase for these soft-sphere systems, and higher-order contributions must somehow be taken into account. Unfortunately, a straightforward extention of these density-functional perturbation methods to include the higher-order eff'ects is difficult since the third-or higher-order direct correlation functions of the homogeneous liquid phase, which would be the coefficients of such an expansion, are, in general, unknown. (Some attempts at including approximate expressions for the three-body direct-correlation functions in the freezing calculation have, however, met with some qualitative success. )
Recently, several versions of DFT, s~0~zz belonging to the class of so-called weighted-density-functional theories (WDFT), have been proposed. By weighting the local density with a suitably chosen weighting function, they achieve an approximate resurnmation of the higherorder terms in the solid free-energy functional, while still requiring knowledge of only the two-particle direct correlations in the homogeneous liquid. All 
In the Haymet-Oxtoby formulation, the reference density is chosen to be that of the equilibrium liquid, and for that reason, the functional that is minimized is ac- In the weighted-density approximation of Curtin and Ashcroft, the weighting function i{)(I ri -r2 I; p) is chosen such that both the free energy and the two-particle direct-correlation function c(2) [as defined in Eq. (5) 
A quick inspection shows that this procedure [defined by Eq. (13), ('26) , and (28) 
The second important property of this potential series is that, by varying the parameter n, one can compare the freezing properties of systems with widely varying ranges of interaction. The range of the inverse-power potential varies from the extremely short-ranged hardsphere interaction (n = oo) to the very long-ranged onecomponent-plasma potential (n = 1).
One additional advantage of using this potential series to test the predictions of freezing theories is the fact that both the phase transition properties and the equations of state have been studied in detail by computer simulation for n = oo (HS), 12 'i 9, 6, and 4 These simulations supply an absolute standard to which a freezing theory can be compared.
An important result of these simulation studies concerns the equilibrium solid structure at freezing. For n greater than about 7, the liquid freezes into a fcc crystal sructure. Below this value of n, the bcc structure becomes the equilibrium freezing solid structure. Fig. 1 shows the liquid excess Helmoltz free energy per particle as a function of bulk number density for the inverse-sixth-power system as calculated using the MHNC and by integrating computer-simulation data. The agreement is excellent. Figure 2 shows the structure factor, S(k), for the same system at freezing (ys --2. 18) -also from both MHNC and computer simulation. Here, as well, the agreement is good.
Our results for the freezing of inverse-power liquids (n = 12, 6, and 4) into an fcc solid are summarized in MAZDA fcc free energy for n = 6 are compared in Table   II with those of the computer simulations at various values of the density {the total free energies for the liquid, both from the MHNC and simulation data are also included). The decrease in the accuracy of the transitionpoint prediction is due, for the most part, to the fact that, as n decreases, the angle at which the liquid and solid free-energy curves meet becomes smaller; therefore, for the more long-range potentials, a small error in the solid free-energy curve will lead to a much larger error in the point at which the two curves cross. The small crossing angle also accounts for the fact that the fractional density change on freezing b, p/p, decreases with decreasing n The MWDA does not do significantly better than the second-order theories in the determination of the Lindemann ratio I, , defined as the ratio of the root-meansquared displacement of a particle about its lattice site to the ideal nearest-neighbor distance. (Note that the phenomenological Lindemann rule that, for a given system, I should remain constant along the liquid-solid coexistence line, is exactly satisfied for potentials of the inverse-power type as a consequence of the scaling properties mentioned above. ) As in the earlier theories, the predicted Lindemann ratios are about a factor of 2 below the simulation values. This discrepancy is, at least partially, due to the overestimation of the transition density, since the width of the solid density peaks decreases rapidly with increasing solid density.
The MWDA fails to find nontrivial (n g 0) minima in the bcc solid free energy. This lack of bcc minima persists even when possible anisotropic and anharmonic solid single-particle densities are taken into account, through the addition of higher-order cubic harmonics to the argu- Fig. 4) Because the results in Table III are for liquid-fcc coesis-'ence, they cannot be directly compared to the computersimulation phase diagram (Fig. 3) . In order to make this comparison, we have also calculated, for these three temperatures, the densities p, at which the fcc and Quid
Helmholtz-free-energy curves cross. These densities, as well as the corresponding A, and T"are given in Table IV (along with the simulation values). They are also plotted 0.8 as stars on the phase diagram (Fig. 3) Table III , we see that, as for the inverse powers, this quantity is about a factor of 2 too small for the MWDA.
V. DISCUSSION AND CONCLUSIONS
We have studied the freezing properties of two types of repulsive soft-sphere interactions, inverse-power and Yukawa, using several recently developed weighteddensity-functional theories. For the freezing of these systems into a fcc solid structure, we find that the modified weighted-density approximation of Denton and Ashcroft overestimates the coexistence densities and that the error increases with the range of the potential. This overestimation is, however, significantly less than that of earlier density-functional theories and is primarily due to the fact that the slopes of the liquid and solid free-energy curves are very similar at freezing, which makes the calculated crossing point very sensitive to any error in the free energies. In fact, the calculated fcc free energies for these softer potentials is shown to have about the same relative error as those for hard spheres, even though the hard-sphere transition is predicted with much greater accuracy. No 
